Thermally induced birefringence in Faraday
devices made from terbium gallium
garnet-polycrystalline ceramics

Mikhail A. Kagan and Efim A. Khazanov

We have developed a model that describes thermally induced birefringence in polycrystalline ceramics
that are exposed to a magnetic field. Conditions under which traditional compensation techniques (for

glass and single crystals) can be effective for ceramics have been found.

It is shown that a ceramic is

almost equivalent to a [111]-oriented crystal if the ratio of the rod length to the grain size is ~300 or more.
In particular, residual depolarization (after the compensation techniques are applied) is inversely pro-
portional to this ratio, which is an important consequence of the random nature of thermally induced

birefringence in ceramics.
OCIS codes:

1. Introduction

Recently polycrystalline Nd:YAG ceramics used as
laser-active elements have attracted much attention
because they have several essential advantages com-
pared with Nd:YAG single crystals.’-12 Modern
technology allows for producing active elements of
good optical quality, large aperture, and high concen-
trations of Nd ions. Many properties of ceramics are
similar to those of single crystals. However, ther-
mally induced depolarization of radiation exhibits
some differences.6-9

Polycrystalline ceramics can be used not only as
active media and @ switches!3 but for construction of
Faraday isolators and Faraday mirrors based on
magnetoactive elements made from terbium gallium
garnet (TGG) as well. There are no serious difficul-
ties in TGG-ceramic production, and the first TGG
samples (not of high quality, though) have already
been produced.* The Faraday isolator and Faraday
mirror are drastically affected by thermal self-action
caused by the relatively high (compared with that of
quartz or glass) radiation absorption in magnetoac-
tive media, ~1072 cm ! or greater. In magnetoac-
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tive Faraday elements (FEs) the photoelastic effect
leads to parasitic linear birefringence imposed on
useful circular birefringence (the Faraday effect).15.16

Polycrystalline ceramics consist of a number of sin-
gle crystal grains separated by thin boundaries. The
essential difference between ceramics and single crys-
talsis that the crystal axes in each grain that composes
ceramics are arbitrarily oriented. As distinct from a
single crystal, ceramics constitute a set of elliptic
phase plates with arbitrary orientations of eigenpolar-
izations and the phase delay between them.

A model of thermally induced birefringence in poly-
crystalline ceramics without a magnetic field was in-
troduced in Refs. 7-9. In the present paper we
generalize this model to the case of ceramic samples
exposed to a magnetic field and derive analytical ex-
pressions for the depolarization of radiation in FEs,
and we investigate the effectiveness of compensation
for the depolarization by means of all known tech-
niques for single crystals or glass. We applied the
quaternion formalism'? (instead of the traditional Jones
matrix formalism) to describe the depolarization of a
laser beam. The analytic results that we obtained are
in good agreement with numerical calculations.

2. Depolarization of Radiation in Ceramic Faraday
Elements

A. Polarization Properties of Magnetoactive Ceramic
Elements

Consider a transversely polarized laser beam inci-
dent upon an optical element. Denote by e, and e
the initial and the final (after the beam has passed
through the element) polarizations, respectively.



The relationship between e, and e is conventionally
expressed in terms of a 2 X 2 Jones matrix, U:

e =Ue((le| = |e| =1). (1)

We define a local depolarization ratio I' as the frac-
tion of transmitted energy contained in polarization
e, orthogonal to e

I = e *e|* = e,*U*e, e, *Ue,. (2)

Here and in what follows, an asterisk denotes Her-
mitian conjugation. Note that the components of U
are written in some reference frame (x, y) (z is
aligned with the wave vector). Below, we make ex-
tensive use of Eq. (2) for an incident polarization that
forms angle —¢ with the x axis:

cos
€y = |: . ® :| )
—sin ¢
€* = [cos ¢, —sin ¢],
sin
eJ_ = |: (P:| ’
cos @
e * =[sin ¢, cos ¢]. 3)

Equation (2) becomes

F = eO*Geo,
where
G = U*MU, M=e¢e ®e,*
_ | sin® ¢ sin ¢ cos @

(4)

| sin ¢ cos ¢ cos® o

Given the presence of induced linear birefringence,
a FE (a single crystal or a grain) is described by the

responds to a linear phase plate with phase delay §;
and inclination of eigenpolarization 6. In what fol-
lows, we use the notation @ not only for ceramic
samples but also for some other optical elements.

Consequently, Jones matrix T that describes a ce-
ramic sample is the product of N matrices (V is the
number of grains through which the laser beam pass-
es):

T = QyQn-1. . . Q:Q1. (6)

Here the subscript % labels the grains, and matrix
Q. = Q(3;, 3.z, 0,) depends on the corresponding 3
and 0, which are random variables.

Although the depolarization ratio in ceramics is a
statistical variable, it is natural to characterize the
polarization properties of a ceramic sample by certain
average quantities. We denote by (G) the matrix G
averaged over the beam path, and we write the mean
depolarization as

(') = ey*(Ge,. (7)

B. Compensation of Depolarization in Faraday Elements

Besides the traditional designs of the Faraday iso-
lator [Fig. 1(a)] and of the Faraday mirror [Fig.
1(e)], designs with compensation for (thermally in-
duced) parasitic birefringence [Figs. 1(b)-1(d) and
1(f)] are used.1520-23 The physical reason for the
depolarization reduction in the new designs of the
Faraday isolator is the fact that the polarization
distortions that the beam suffers in propagating
through the first FE are compensated for when the
beam propagates through the second FE [Figs. 1(b)
and 1(c)] or the uniaxial crystal [Fig. 1(d)]. The
polarization distortions that the beam suffers in
propagating through the new Faraday mirror de-
sign [Fig. 1(f)] are compensated for in backward
propagation. The depolarization for each design is

Jones matrix18.19 calculated according to Eq. (7). The only difference
5+.51.5 920 ”'6'81'8'26
U Q. 0 cos 5 + 1 = sin o cos g Sing — i singsin -
I I P R T 5 .9 . ® ’
—sin —— 1 — sin — sin 26 cos — — 1 — sin — cos 26
o 2 ) 2 2 S 2

where isin the U and G matrices that describe a particular
optical system. As was mentioned above, the
32=0872+372 Jones matrix of a ceramic element T is a product of

and where 8. and 3, are phase delays for purely cir-
cular (without linear) and for purely linear (without
circular) birefringence, respectively, and 6 is the an-
gle of inclination of the purely linear eigenpolariza-
tion to the x axis. Note that the angle of rotation of
the polarization plane is §./2. The direction of rota-
tion is defined by the sign of 3., so a positive d, refers
to counterclockwise rotation. Note, in particular,
that matrix Q(0, 3., 0) describes a rotator that pro-
duces rotation by angle 3,/2, whereas Q(3;, 0, 6) cor-

matrices for individual grains [Eq. (6)]. Thus the
G matrix for an uncompensated Faraday isolator
[Fig. 1(a)] is given by

G, = T*MT
= QI Q" . Qv FAVMQNQy-1. . . Q:Q1. (8)

Denoting by A; and A, the total linear and circular
phase delays, respectively, in a ceramic element, we
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Fig. 1.

Designs of Faraday isolators:
(R) by 37/8 (Refs. 15 and 20); and (d) with a uniaxial crystal (UC) (Ref. 21).
(f) with a reciprocal rotator (R) by /2.2223  Angles above the Faraday elements indicate the angles of polarization-plane rotation. p and
N stand for power and number of grains, respectively, for the entire beam path.

write a U matrix that corresponds to each design. In
Fig. 1(a),

U.=Q(0, —m/2, 0)T(A, = w/2). (8a)

The axis of the half-wave plate [Fig. 1(b)] is in-
clined to the x' axis by w/8. Thus the plate is de-
scribed by matrix Q(m, 0, w/8 — ¢), and U takes the
form

U, = To(A, = —7/4)Q(mw, 0, w/8 — )Ty (A, = w/4).
(8b)

-->

(a) without compensation; (b) with a half-wave plate (P) (Refs. 15 and 20); (c) with reciprocal rotator

Designs of Faraday mirrors: (e) without compensation and

The Faraday mirror in Fig. 1(e) rotates the initial
polarization by /2. To calculate only the additional
rotation that is due to depolarization, to be consistent
with the definition of Eq. (2) we account for this Fara-
day rotation by multiplying the Jones matrix by Q(0,
, 0), which refers to a rotation by m/2. Hence

U, =T, = mQ(0, m, 0). (8e)

In the same fashion we assume an auxiliary rotation
by —m/2 in the last design. Note also that we treat
the leftmost FE as two different elements when the
laser beam goes to the right (T,) or to the left (Ty).
T, refers to a right FE:

Uf = Q(07 , 0)T3(Ac = F‘T/6)Q(07 , O)TZ(AC = F‘T/6)Q(07 -m, O)Tl(AC = ’IT/4)
=Q(0, m, 0)T5(A, = m/6)Ty*(A, = —m/6)T1(A, = w/4). (8f)

In the design of Fig. 1(c),

Uc = Q(Oa 311-/4, O)TZ(AC = 17/4)
X Q(0, 3w/4, 0)T,(A. = w/4). (8c)

The telescope in Fig. 1(d) has the matrix Q(—4,;, —A,,
0) corresponding to it. Accordingly,

Ud = Q(_Ala _Aw O)T(Ac = T/2)~ (Sd)
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The corresponding G matrices are related to the U
matrices above through Eq. (4).

To evaluate (I') by using Eqgs. (7) and (8), one needs
to know the distribution function that depends on all
the values of 3 and ¢. Determining this function is a
quite complicated task, insofar as the prescribed
quantities depend on the mutual positioning of crys-
tal axes in each grain and on the direction of the
temperature gradient. Such dependence for a single
crystal was derived in Ref. 7 and is introduced in
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Fig. 2. Coordinate frames xyz and x'y'z’

Section 3 of the present paper, where we apply these
results to ceramic active elements.

3. Eigenpolarization in a Single Crystal and Ceramics

Radiation absorption in magnetoactive media is a
source of heat generation that leads to polarization
distortions in Faraday devices. In this section,
eigenpolarizations should be thought of as eigenpo-
larizations for single ceramic grains. At the end of
this paper we discuss the possibility of a sensible
notion of eigenpolarizations for the entire ceramic
sample.

Consider a cylindrical sample of radius R, and
length L. We apply the geometrical optics approach
and assume that the laser beam is a set of rays par-
allel to the sample’s axis of symmetry z. One of
those rays is introduced in Fig. 2. It is marked by r,
the distance between the beam and the rod axis, and
¢, the azimuthal angle. We also assume that the
incident wave is linearly polarized along the x axis
such that its polarization in the primed reference
frame (Fig. 2) has the form prescribed in Egs. (3). In
what follows, all Jones matrices are also written on
the primed basis.

Let the heat-release power density in the FE be
independent of z and ¢. This is reasonable if the
laser beam is axially symmetric and the power ab-
sorbed over the whole length of the FE is much
smaller than the laser power. Consequently, the
temperature gradient possesses radial symmetry
and induces in each cross section two preferential
directions: radial and azimuthal (x’ and y’ in Fig.
2). The polarization properties of the sample de-
pend on the temperature distribution and on the
positioning of crystallographic axes abc with re-
spect to reference system xyz.”2¢ In the trivial
case the abc axes coincide with the xyz directions,
which correspond to the [001] orientation. An ar-
bitrary positioning of the abc axes is produced by
three sequential rotations of the xyz coordinate sys-
tem relative to the crystal lattice. These rotations

are labeled with Euler angles «, B, and ®.25 The
reference system is rotated first by angle o (a €
[—r, 7]) about the z-axis aligned with crystal axis c;
then by angle B (B € [—7/2, w/2]) about the y axis;
and, finally, about the z axis by angle ® (® € [—, 7]).
The third rotation does not affect the mutual orien-
tation of the sample axis and the z direction. We
emphasize that for a single crystal it does not cause
any physically important changes, as this rotation is
equivalent to a different choice of the coordinate sys-
tem, rotated about the z axis by angle ®. In other
words, one is always able to choose a reference frame
in which @ = 0 and the z direction is aligned with the
wave vector of the laser beam. Nevertheless, the
last-named rotation turns out to be essential when
one is dealing with ceramics. Angle ® is different
for different ceramic grains, and there is no coordi-
nate system that yields a zero value for ® in every
grain. Thus the orientation of crystallographic
axes abc in a given grain is determined by three
Euler angles, a, B, and ®, which are random vari-
ables distributed uniformly within their respective
intervals.

Using the equations in Ref. 7, we can express the
relationship between the Euler angles of a certain
grain and the quantities 6 (measured from the x’ axis
in Fig. 2) and 8 as follows:

~ p I a
20 = 5= &
tan 20 = b/d, N () cos 20 9)
where
_ €~
a=¢&h+ 8 (goy + h1y),
o -1
b= e (gos + hy),

o, = sin® B{[8 cos® B — sin® 2a(3 + cos 2B)]cos 2P’
+ 2 cos B sin 4a sin 24’}

oy = sin® B{[8 cos® B — sin® 2a(3 + cos 2B)]sin 2P’
— 2 cos B sin 4a cos 24},

T, = —4 cos® B — sin’ B(4 — sin® «)
— cos 4®'[sin* B(4 — sin® 2a)
+ 4 cos® B cos 4a] — sin 4P’
X sin 4a cos B(3 + cos 2B),

T, = sin 4a cos B(3 + cos 2B)cos 4P’
— [sin* B(4 — sin® 2a) + 4 cos® B cos 4a]

X sin 4P’
_PhaTn031+v( )
p )\K41_vl)11 Pi2),
2P 44
g=
P11~ P12
P =P —o. (10)
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Here P, is the heat-release power deposited in all FEs,
\ is the wavelength, « is the coefficient of thermal
conductivity, o, is the thermal expansion coefficient,
n is the index of refraction without heating, v is the
Poisson coefficient, p;; are the photoelastic coefficients,
and /, is the grain size (a normally distributed random
variable with mean value (/,) and root-mean-square
deviation ;). For any fixed Euler angles Egs. (9) and
(10) yield 6 and & for a single crystal of corresponding
orientation. For instance, setting a = g = & = 0
([001] orientation) or o = /4, tan B = V2, and ® =
any angle ([111] orientation), one gets the well-
known?26.27 expressions tan(20 + 2¢) = & tan(2¢) and
6 = 0, respectively. Note that, as ® is a random vari-
able distributed uniformly within the interval [ -, 7],
the prime on @ in the expressions for o, , and 7, 5 can
be omitted when one is averaging over &’.

The functions g and & are expressed by means of
form factor f of the laser beam’s intensity I = I,f(r%/
ro2) according to?

h(u) = thJ. dz f Flx)da,

0

1 R z RdZ z
g(u)=RJ dZJ. f(x)dx—f Zf f(x)dx, (11)
0 u 0

0

where u = (r/r,)? and r is the radius of the beam.
In particular, for a flat-shaped beam

=01 —u)), h=u/2, g=u—1/2, (11a)
and for a Gaussian beam
f = exp(—u),
b= 1+exp(—u)— 1,
u
-R)-1
g=1+ % + ln(;) + Ei(u) — Ei(R),
(11b)
where ©(x) is the unit function, Ei(x) = [T

[exp(—xt)/t] d¢, and R = (R,/ry)>. Note that the
quantity & is a constant that characterizes a given
crystal. In TGG, for instance, £ = 2.25.2428 Note
that Eqgs. (9) and (10) yield a zero value for (6) when
it is averaged over «, B, and ®.

As the T matrix of the ceramic sample depends on r
and o, so does depolarization ratioI". 'We call the local
depolarization I'(r, ¢). Integral (average over the
cross section of the rod) depolarization v is also of
interest:

1 2m Ro r2
y="ps| de | D, e f|l |rdr
TFRO 0 0 o

1 2m 1
= 217.[ de f (N)(w, @) f(u)du.

0 0

(12)
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4. Mathematical Statement of the Problem and
Solution

In this section we introduce the model optical system
that describes the ceramic elements. To simplify
the problem, we have made the three following as-
sumptions: (i) We assume that not only the length L
of the rod is fixed but so is the number of the grains
N within the beam path. It is reasonable to make
this assumption if the ratios satisfy

(O] 1

— <, (13)
(ly N

which means that the average deviation in the
number of the grains is much less than unity, and,
consequently, the number of grains may be treated
as a constant. (ii) The orientation of crystallo-
graphic axes in a certain grain is assumed to be
independent of the neighboring grains. (iii) The
distribution function for a single grain f(/,, «, B, ®)
is assumed to be uniform with respect to the angu-
lar part and to be Gaussian with respect to /, (see
Section 3), where /., a, B, and ® are independent
random variables. Therefore, according to as-
sumption (ii), the total distribution function for the
whole sample is

F[(Zg’ Qa, B, CD)I’ (lg7 Qa, B) CD)Z’ LR} (lg’ Qa, B’ q))N]

=[£G o, B, ©), (19

where i is a grain’s number.

Below, we describe the method of averaging the
expressions in Eqs. (8a)—(8e). This procedure is sig-
nificantly simplified by application of the quaternion
formalism®17 instead of the traditional Jones matrix
formalism. According to the quaternion approach,
each grain is described by a normalized quaternion (a
hypercomplex number of unit norm).

First we describe the transition from the Jones
matrix formalism to the quaternion formalism. Ev-
ery optical element is related to some unitary Jones
matrix U:

10
UU*=0‘0=[0 1], (15)
We write an arbitrary unitary matrix U as
agtia; oyt iag
U= . P (16)
—Qg + g O — IOy

where |oo]> + |oq]* + |ag/? + |ag/? = 1. Equation
(16) can be expressed in terms of Pauli matrices o;,
where



as

a7
1, 2, 3) satisfy the following condi-

U = a0y + 0107 + 905 + a503.
Matrices o; (i =
tions:

2 _ _ _
o= —0y, 0,0, = —0,0; = 0y, (18a)

where i, j, k are cyclic permutations of the subscripts
1,2, 3.

The algebra of 2 X 2 complex matrices is isomor-
phic to the algebra of quaternions, which are hy-
percomplex numbers with three imaginary units, I,
J, and K, that satisfy relations analogous to Eqs.
(18a):

P=J?=K*= -1,
JK=-KJ=1,

IJ=-JI =K,

KI=-IK=J. (18b)

Thus we make the following changes of variables:

0'0%1, 0'161, O'ZéJ, 0'3€K, (19)

and treat matrix U as a quaternion, U = o + o] +
agd + agK.

and (. ..)|, denotes the average over the kth set of
variables:

% L /2 ™
(.. >|k Ef d(lg)k f day, J. dp, f do, (. . .)

0 —m/2 -
X LUk ary Bry rl}- (21)
For the quaternion G, = @Q,* ..Q,Q,

*MQ,Qs. . .Q, = x5, + Iy, + Jz;, + Kwy, left and right
multiplication by @, ; and @}, respectively, yields
the transformation of the real and imaginary parts,
GEY =, + Iy, + Jz,., + Kw,,,, that can be
written as

Xp+1 = Xps
Ye+1 Yk
Zpe1 | = SXpi1, Yier, Ziir, Wiio)| 21|, (22)
Wri1 W

where X, Y, Z, W are the components of the quater-
nion @, i.e., @11 = Xpq +IYy iy + JZyy + KWy g,
and where x, = 1/2,y, =i cos(2¢)/2,z, = 0, wy = —1
sin(2¢)/2, and

X+ Y272 - W?
2(YX — XW)
2(YW + XZ)

SX,Y,Z, W)=

2(YZ + XW) 2(YW - XZ)
X*-Y*+Z*-W? 2(ZW+XY) .
2(ZW — XY) X-Y*-Z*+W?

For each quaternion U there is a conjugate U* =
ay — ayl — ayd — azK and a norm UU* = U*U =
log? + |og[? + |ag/? + |ag/?. Unitary matrices are
described by quaternions of the unit norm.

We define quaternion (G,) that corresponds to ma-
trix (Gy). Factorable distribution function (14) al-
lows us to perform the consecutive averaging of the
expressions in Eqgs. (8a)—(8e):

(Go) = (@n*(Qn-1*(. . (QsMQ*MQ)]1Q2)|2. . H|n-2
X Qn-1)|n-1Q@W x>

where

M =[1+ il cos(2¢) — iK sin(20¢)]/2,

Qr = Q(By, 3, 0)
= cos(8,/2) + I sin(5,/2)c0s(20,)8,,/5,
— o sin(8,/2)3.,/3,

As the S matrix and distribution function F have
an equivalent form for each grain, every step of
averaging in Eqs. (20) reduces to multiplication of
vector (y, 25, wy) by the same matrix (S), which is
a matrix that comprises the corresponding average
(over l,, o, B, and ®) elements of the S matrix.
Thus, to find the total quaternion (matrix) (G,), one
needs to raise (S) to the Nth power. Therefore the
depolarization, Eq. (7), is determined by matrix
S, = <S>N-

Note that every optical element that is being de-
scribed by a normalized quaternion can be related to
a unitary 3 X 3 matrix S, which assigns a transfor-
mation like that of Eq. (22). If matrix U is not uni-
tary, this transformation is determined by a 4 X 4
matrix [as long as Re(G**!) # Re(G")].

We remark on one more important property of S
matrices. By construction, the matrix associated
with the product of two Jones matrices, U = U,U,, is
matrix S = S;S,, equal to the product of the corre-
sponding S matrices. Therefore, to find the S matrix
for some optical system, one has to multiply sequen-
tially the S matrices of the individual elements of the
system.

Using the prescribed properties, we can compute the
depolarization ratio for all the designs in Fig. 1. A Fara-
day element is described by the following S matrix:

10 November 2004 / Vol. 43, No. 32 / APPLIED OPTICS 6035



—tan(3/2)[1 — (§,/8) cos?(20)]

—(5,/8)sin(20)[1 + (5,/8)tan(5/2)cot(20)]

S(3;, 8., 0) = 1 + sin 8| (3,/8)sin(20)[1 — (3./8)tan(5/2)cot(20)] —(5,/8)* tan(s/2)
—(8,/8) — (8,/8)* tan(8/2)sin(40) —(8;/3)cos(20)[1 — (3,./3)tan(d/2)tan(260)]
(3./8) — (8,/8)* tan(d/2)sin(40)
X (8;/8)cos(20)[1 + (3,/3)tan(d/2)tan(20)] (23)
—tan(3/2)[1 — (8,/8)? sin%(20)]
All further derivations are merely from perturba- Af p?
tion theory with a small parameter € = p/N, which is (T =— (A, —sinA)’ T oN (A + B), (25¢)
. . . . 4A,
the unitless power deposited in one grain. As the
heat released in FEs is relatively small, we assume
that A; = pa << A, ~ w/2, and we keep the terms up
to second order (A;)? (~p?) in expressions propor- p?
tional to 1/N. Taking the average of Eq. (23) and 'y =-=(A+B), (25d)
raising it to the Nth power, we obtain 8N
(1/AH(A2+ AZcos A) (AA,/A*)(1 — cos A) (A,/A)sin A ,
S, = | (AA/A)(1 —cos A)  (1/AD(A2 + AZcos A) —(A,/A)sin A | — fTv S,
—(A./A)sin A (A;/A)sinA cos A
where
(A+B)cos A+ (B—-A)(sinA/A) 0 (A + B) sinA
S, =10 2(A+B) 0 ,
—(A + B) sin A 0 (A + B) cosA — (B—A)(sin A/A)
75¢ + 53
=A*+A>% A =pa, a={ad)=Xh, X:7i28 ,
=(a% —a®>= (1 + d*(h?/2'%)(22665¢> + 31470& + 11401) + B — (Xh)?,
132
=bH=01+d>) = (& ) (1060g” + 9865h%), d = m (24)
8
The quantity of greater interest is not the local A2 p?
depolarization but rather the integral depolariza- Ty =(1 —cos A) —— 402 + SN (A +B), (25e)
tion, which characterizes the isolation ratio of Fara-
day isolators. Below we introduce the local 9 Al 1 \? 9
depolarization averaged over ¢, (I'), and integral Ty = o ( A — ) L P (A+B). (250
depolarization vy as a function of the heat power 16 A\ ™° sin A, 8N
released, p (for a TGG crystal with constant & = 2.25 . ) .
and X = 1.73): Let us discuss the optimal beam shape. As dis-

2 2

A,
() = (1= cos &) 5+ ;;LN (A + B), (25a)
A [sin®(A,/2)  (sin A, — A)?
<rb> = lz 2 + A 2
p2
+-— (A + B), 25b
s ¢ ) (25Db)
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tinct from, say, laser active elements, in which it is
worthwhile to maintain wide flat-shaped beams to
convert all the energy stored in population inver-
sion, there is no such requirement in the case of
Faraday devices. In dealing with a Faraday device
one is free to choose the ratio of sample radius R, to
the radius of the (Gaussian) beam, r,. On the one
hand, the Faraday device has to be large enough to
prevent beam cutoff. On the other hand, the abil-
ity to produce large samples as well to maintain a



magnetic field within them are limited. Thus, for
any type of magneto-optical medium the optimal
ratio Ry/r,is 2—4. Below for comparison we write
the formulas for the integral depolarization that
corresponds to flat-shaped and Gaussian [for R =

(Ry/ro)* = 10] beams:
viat = 0.00634p* + 0.00275(p?/N),

ygauss = 0.01043p” + 0.00933(p*/N), (26a)
it = 0.00023p* + 0.00275(p%/N),

yGa“S =0.00076p* + 0.00933(p/N), (26b)
viat = 0.00003p* + 0.00275(p?/N),

VG =0.00152p> + 0.00933(p*/N), (26¢)
vi* = 0.00275(p*/N),

yGaHSS = 0.00091p> + 0.00933(p*/N), (26d)
vt = 0.00317p2 + 0.00550(p?/N),

yGauss = 0.0209p> + 0.01866(p2/N),  (26e)
vt = 0.00004p* + 0.00550(p*/N),

yGauss =0.00013p* + 0.01866(p>/N).  (26f)

5. Results and Discussion

It is easy to show that, in the limit N — «, Egs. (25)
and (26) for I',_rand v, ,practically coincide with the
corresponding expressions!®20-23 for a single crystal
with orientation [111]. The only difference is that in
characteristic quantity X. Specifically, for a single
crystal X = (1 + 2§)/3, whereas for ceramics X =
(75¢ + 53)/128. In other words, when N — o, ce-
ramics are equivalent to a single [111] crystal Whose
effective constant & is defined as

€r— 1= (£ - 1)(15/16)" (27)

The physical meaning of the effective constant is
that a ceramic sample with constant £ has the same
polarization properties as a [111]-oriented single
crystal with constant &4 For TGG in particular,
¢ = 2.25 and &4 = 1.78, which lead to a minor dif-
ference in the integral depolarization.

In Fig. 3 analytical curves of y(p) [Egs. (25)] for
TGG ceramics that correspond to different designs
are shown. At finite values of N, Eqgs. (26) are ob-
tained as the result of a Taylor series expansion in
the small parameter € = p/N if terms of order £ are
neglected. The additional (with respect to N = )
depolarization is proportional to the quantity p?N !
and is due to the presence of mean-square deviation
Dy. Applying an approach analogous to that which
was used above, one can verify that

Dy = ((I'*) =(I)*) ~ p*/N, (28)

which is also in agreement with numerical results? and
constitutes an important consequence of the random
nature of thermally induced birefringence in ceramics.
Indeed, consider an optical system consisting of m se-
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Fig. 3. Dependence of y on p Faraday isolators and mirrors made
from TGG ceramics for N = 30 (squares), N = 100 (circles), and
N = 300 (triangles): (a) on the design of the Faraday isolator
shown in Fig. 1(b), (b) on the design of the Faraday isolator shown
in Fig. 1(c), (c) on the design of the Faraday isolator shown in Fig.
1(d), and (d) on the design of the Faraday mirror shown in Fig. 1(f).
Dashed curves in (a)—(c) show the dependence on the design of the
Faraday isolator without compensation shown in Fig. 1(a), and the
dashed curve in (d) shows the dependence on the design of the

Faraday mirror without compensation shown in Fig. 1(e).
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quential ceramic samples, each of which is character-
ized by a number of grains N, and by the heat power
released, p,. In this case, one can treat the system as
one sample that comprises N = mN,, grains with total
deposited power p = mp,. Then, according to relation
(28), the mean-square deviation of the local depolar-
ization in this optical system, Dy, is m times greater
than that in each individual sample, Dy; i.e., Dy =
mDro. The latter result resembles the classic
random-walk problem, wherein the mean-square dis-
placement is proportional to the number of steps.

This phenomenon becomes transparent when the
linear birefringence is sufficiently weak, i.e., A, <<
w/2. Thus in Egs. (25) the quantity

2

% (A +B)=D[A]

2

5
- % (6~ 1)° 3 (106g" + 1003h%,
(29)

which determines corrections of order ~1/N, is noth-
ing else but the variation of thermally induced phase
delay A;. The second term in each of Egs. (25) and
(26) is in accord with this:

Yo = Y6 =Ye = Ya = Ye/2 =Y/ 2.

In the last two designs, the laser beam travels a
round trip, such that effectively the number of ce-
ramic samples doubles. In other words, if we nor-
malized power p and number of grains N such that
they would mean the total power and that total num-
ber of grains (for the entire beam path), the correc-
tions to the depolarization in all the designs would be
identical.

Two laser beams spaced by the grain size in a
transverse direction pass through independent sets
of grains. Therefore the depolarization that corre-
sponds to these beams will be different. Thus the
large-scale structure of the outgoing radiation will
have superimposed upon it an intensity modulation
with characteristic scale (/). This modulation is
caused by the dispersion of depolarization D, and its
depth grows with the increase in p?/N. The pres-
ence of different grains within two adjacent beams’
paths may cause not only amplitude modulation of
the transmitted wave but phase modulation as well.

Now it is pertinent to discuss the validity of the
geometrical approach that we have used. The mean
grain size is much less than the characteristic scale of
the temperature gradient governing the change in
the index of refraction. As the distance between any
adjacent grains is much less than the wavelength, we
may assume that the beam will remain parallel to the
axis of the rod while it is traveling through the sam-
ple. InRef. 29 a formula for the mean-square lateral
displacement of a light beam propagating in randomly
inhomogeneous media was derived. As applied to ce-
ramics, this formula shows the beam’s lateral displace-
ment to be of the order of p = 0.1NV2\p. Asarule, p
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isless than(/,). Otherwise, the characteristic scale of
the aforementioned modulation will be equal to p
rather than to (/).

It is necessary to mention that the numerical re-
sults (the dashed curves in Fig. 3) are obtained by
simulation of a slightly different, more physical
problem—assuming that only the length of the FE is
fixed, whereas the number of grains within a beam
path is allowed to be a random variable. These two
statements of the problem are completely equivalent
if we set the length of a grain to be constant, that is,
tantamount to the condition d = o,/(l,) = 0. The
curves in Fig. 3 are plotted exactly for this case. The
validity of the comparison of the results for the two
given problems is reasonably held if d < 1/N'/2 (in-
equality (13)], which means that the average devia-
tion in the number of the grains is much less than
unity, and, consequently, the number of grains may
be treated as constant. Note that the numerical cal-
culations” have shown a small dependence of the de-
polarization on d.

Let us now discuss the possibility of defining a
Jones matrix for ceramic samples. Throughout the
solution we were using S matrices, which do have
direct physical meaning. However, if some 3 X 3
matrix can be cast in the form of Eq. (23), then it is
possible to relate a quaternion and, hence, a Jones
matrix toit. In particular, if we neglect the terms of
order 1/N in the expression for S,, it is easy to see
that ceramics are equivalent to a single crystal. In
that case the effective Jones matrix (in the primed
Fig. 2 coordinate system) for ceramic FEs is given by
Q(A, A, 0), from Eq. (5). [4,is defined by Egs. (24)
and has the meaning of the effective phase delay over
the whole ceramic sample.] In other words, one is to
take the regular Jones matrix for the FE written in
terms of the effective & in accord with Eq. (27). Us-
ing Eq. (5), one can treat the latter matrix as a reg-
ular Jones matrix, i.e., multiply it by matrices related
to other optical elements (both usual and ceramic)
and get correct expressions for the average depolar-
ization in any optical system.

6. Conclusions

Summing up the ideas discussed above, we draw the
following conclusions:

1. With respect to the polarization features, ce-
ramics are fairly similar to a single crystal with [111]
orientation if the ratio of the Faraday element’s
length to the mean grain size is N — oo, Specifically,
the dispersion of the depolarization vanishes,
whereas the depolarization itself is described by the
corresponding formulas for a [111] single crystal up
to the change in the parameter £ according to Eq. (27).

2. The efficiency of birefringence compensation in
ceramics by means of all known techniques is lower
than that for a single crystal. The increase in depo-
larization in ceramics compared with a single crystal
is proportional to p?N 1.

3. Both polarized and depolarized radiation al-
ways has small-scale modulation with a characteris-



tic size of approximately the grain size, (/,). This
modulation increases with the growth of p?N 1.

4. Given reasonable values of N (N = 100), depo-
larization corrections [proportional to p?N ! in Eq.
(26)] become comparable with the main terms at p <
0.1. At such small p, total depolarization is practi-
cally negligible. Therefore, corrections concerned
with phase-delay variation do not play a substantial
role.

5. When thermally induced birefringence is weak
(A; << w/2) it is possible to define an effective Jones
matrix to describe a ceramic element according to
Eqgs. (5) and (27).

The authors gratefully acknowledge support of this
research by the National Science Foundation (grant
PHY0244902).
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